Abstract. We study synergies between three promising methods to measure 2 < z < 5 largescale structure in the next decade. Optical spectroscopic surveys are the most mature, but become increasingly difficult at z > 2 and suffer from interloper problems even for spectroscopic surveys. Intensity mapping of the 21-cm signal can cover large volumes with exquisite fidelity, but is limited both by loss of information to foreground cleaning and by lack of knowledge of the mean signal. Cosmic microwave background (CMB) lensing is theoretically very clean, but ultimately measures just the projected variations in density. We find that cross-correlation between optical and radio can significantly improve the measurement of growth rate. Combining these with the CMB provides a promising avenue to detecting modified gravity at high redshifts, in particular by independently probing the Weyl and Newtonian potentials and by strengthening control of systematics. Assuming a Stage 4 CMB-survey, we find that cross-correlating a Stage ii 21-cm survey with DESI quasars could enable measurements of the growth rate f σ 8 and the gravitational slip γ at sub 3% and sub 8% levels at z = 3, 4, representing a factor of 4 and 8 improvement over constraints obtainable from DESI quasars alone. Similarly, cross-correlating 21-cm data with a LBG survey to m U V < 24.5 over 1000 square degrees will make possible f σ 8 and γ measurements at close to 1% at z = 3 and 3% at z = 4, and improve similar constraints at z = 5 by close to a factor of 3 to sub-10% precision, enabling us to test the predictions of general relativity at large scales.
Introduction
Intensity mapping with radio interferometers has emerged as a potentially powerful means of efficiently mapping large volumes of the Universe, with sufficient resolution to capture the largest elements of the cosmic web [1] . In this paper we consider specifically 21-cm intensity mapping experiments, which measure the emission signal from neutral hydrogen (HI) in galaxies which trace large-scale structure.
Upcoming experiments, such as CHIME [2] , HIRAX [3] , BINGO [4] and Tianlai [5] are designed to measure the clustering of 21-cm emission in redshift space and with high fidelity over the range 0.75 < z < 2.5. Other radio observatories not specifically dedicated to cosmological HI emission, such as SKA [6] , are also expected to be sensitive to the 21-cm signal from large-scale structure. Beyond these, a hypothetical, 21-cm survey focused on 2 < z < 6 and large-scale structure was recently proposed and studied in Ref. [7] as part of the Cosmic Visions program [8] . Such an instrument would yield dramatic advances in our understanding of high z cosmology. Radio interferometers of the sort envisioned in Ref. [7] typically have excellent line-of-sight (radial) resolution but relatively poor angular (transverse) resolution. For the purposes of measuring large-scale structure this is not a major limitation, as the interferometer resolves the angular scales which can be most easily modeled and which are most correlated with the initial conditions [9, 10] . Of more serious concern are the large, low frequency foregrounds which need to be removed in order to see the cosmological signal, and uncertainty in the mean 21-cm brightness temperature (T ) which is proportional to the fractional HI mass density of the universe enters as an overall uncertainty in amplitude of cosmological fluctuations in the 21-cm signal. The primary science goal of many 21-cm intensity mapping surveys, measurements of the cosmic distance scale and the geometry of the Universe using Baryon Acoustic Oscillations (BAO [11, 12] ), are nonetheless possible as BAO experiments resolve the relevant Fourier modes and the uncertainty inT does not degrade the measurement of the BAO scale. On the other hand, the uncertainty inT presents a serious obstacle to measurements of the growth of structure by means of redshift space distortions (RSD [13, 14] ): at large scales (where RSD are well-approximated by linear theory and supercluster/Kaiser infall) the linear growth rate andT become perfectly degenerate. Thus 21-cm data cannot measure the growth rate in the absence of external information onT .
One possibility for overcoming the inherent limitation imposed by uncertainT is to cross-correlate 21-cm surveys with another tracer of the density field at high z [15] . Cross-correlations will not only be beneficial for the 21-cm science case, but could also help shape future paths for traditional spectroscopy. In addition, these cross correlations will enable independent measurements ofT at unprecedented precision and constrain models of galaxy evolution at high redshifts as the gas clouds that host most of the neutral hydrogen in the universe are also prime locations for star formation (see e.g. [16] ). Precise RSD measurement requires large volumes to be sampled with large numbers of galaxies, and fulfilling both conditions becomes increasingly challenging at redshift z 2 in the optical/near infrared band. In this paper we want to explore the potential of using an optical spectroscopic survey to augment the science return of a future 21-cm experiment observing the high redshift Universe 2 < z < 6. The future 21-cm facility we have in mind draws heavily from the one discussed in the Cosmic Visions 21-cm white paper [7] , which was optimized 1 for BAO measurements at 2 < z < 6. In the remainder of the paper we will refer to it as the Stage ii experiment. More details about Stage ii will be discussed in Ref. [7] .
To avoid loss of signal due to the foreground subtraction necessary for 21-cm measurements, the optical spectroscopic tracer employed in this scheme must have fine radial resolution. The first optical instrument we consider is the soon-to-be-commisioned Dark Energy Spectroscopic Instrument (DESI), which will provide a large sample of quasars (QSOs) at intermediate to high redshifts, averaging at least tens of objects per square degree and redshift between z = 2−4 over 14,000 deg 2 [18] . Due to the wide sky area covered and relatively dense numbers, the expected DESI QSOs thus serve as a useful and certain baseline to gauge the synergies of the planned Stage ii experiment with optical redshift surveys. At higher redshifts z 4 where the cosmological population of QSOs drops precipitously [19] , we explore whether hypothetical, 'traditional', Lyman Break Galaxy (LBG) samples [20, 21] can play a similar role, and if so at what limiting magnitude and sky area.
In addition to measuring the growth of large-scale structure, high z surveys offer an almost unique opportunity to test General Relativity (GR) at the largest scales [22] [23] [24] [25] . Particularly interesting is the comparison of the Weyl potential measured by gravitational lensing with the Newtonian potential inferred from the motion of non-relativistic tracers (such as HI and galaxies). Within GR, these potentials are equal in the absence of anisotropic stress, but this equality does not hold in many alternative theories of gravity. Gravitational lensing therefore provides an ideal complement to the 21-cm and galaxy surveys mentioned above, allowing access to the largest volumes of the Universe in a regime, the high redshift Universe, where the predictions are thought to be highly secure. Weak lensing can be measured by looking at small distortions in the image of source galaxies due to the presence of foreground galaxies, a technique that will be used by surveys like Euclid [26] and LSST [27] . However these imaging surveys will not extend much beyond z 3, so we will focus on the lensing of the CMB, which probes the intervening matter distribution all the way to the last scattering surface [28] [29] [30] . The highest signal-to-noise, wide-area measurement of CMB lensing currently comes from the Planck mission [31] but in future even more powerful experiments such as the Simons Observatory (SO; [32, 33] ) and a Stage 4, ground based CMB experiment (CMB-S4; [34] ) will map large fractions of the sky with ever greater fidelity. It is worth keeping in mind that, due to foreground cleaning and removal, the cross correlation between the 21-cm signal and any projected statistics (e.g. lensing) will likely not be observed by any current or future experiment. Intensity mapping will therefore reduce the degeneracy between astrophysical and cosmological parameters in galaxy-lensing cross correlations through its correlation with the galaxy field. Another possibility could be to use weak lensing of the 21-cm line itself [35] [36] [37] [38] ; this technique is still under development and comes with a lot of technical issues so we will not discuss it further.
We are certainly not the first one to study cross correlation of 21-cm data with optical instruments. The first detection of 21-cm line emission was in fact obtained by cross-correlating data collected at the Green Bank Telescope with DEEP2 galaxies [39] at z 0.8, and many studies have followed since [40] [41] [42] . Forecasts for cross correlations at low redshift have been studied in Ref. [43] and cross-correlations in N-body and hydrodynamical simulations in [44] . Our main innovation compared to those papers is that we stress the capability of cross-correlations between 21-cm data and galaxies to enable the calibration of redshift-space distortions measured by 21-cm line intensity mapping, providing growth-rate measurements while marginalizing over the brightness temperature even in the absence of an external prior. This paper is organized as follows. In Section 2, we describe the two and three dimensional power spectra expected from the 21-cm, spectroscopic galaxy, and CMB lensing data, noting modelling assumptions and potential parameter degeneracies. In Section 3, we further describe the planned and hypothetical surveys from which the cross-correlations will derive. The forecasting methodology is described in Section 4. Finally, Sections 5 and 6 describe our results with and without adding CMB lensing data, respectively. Forecasts for experiments that will exist in the near term, in particular for HIRAX and a DESI-like spectroscopic survey in the Southern hemisphere, are additionally described in Appendix B. Our conclusions are summarized in Section 7.
Throughout this paper we assume a spatially flat ΛCDM model and for our fiducial parameters we use those derived from the Planck 2018 data plus baryon acoustic oscillations [45, 46] , specifically Ω m = 0.3106, h = 0.677, n s = 0.96824 and σ 8 = 0.811.
Signals

The HI signal
In the post-reionization era most of the hydrogen in the Universe is ionized, and the 21-cm signal comes only from self-shielded, from UV radiation, regions such as galaxies, specifically between the outskirts of disks until where the gas becomes molecular within star-forming regions. Unfortunately, there are not many observational constraints on the manner in which HI traces galaxies and halos in the high-z Universe, so we are forced to rely on numerical simulations [47] [48] [49] and inferences from other observations [50, 51] .
On sufficiently large scales, HI behaves as a linearly biased tracer of the matter field in redshift space. In this limit the theoretical HI emission power spectrum can be modeled as
where P SN is the shot noise,
is the linear growth rate, µ = k /k is the cosine of the angle to the line-of-sight in Fourier space, b HI is the (linear) bias of the HI andT is the mean brightness temperature of the HI, defined below. The finger-of-god term, involving σ HI , turns out to have a very small effect for HI at the scales and redshifts we consider [49] . We will set it uniformly to zero in our forecasts. The important feature to note about Eq. (2.1) is that the parameters b HI and f are fully degenerate withT . Thus our ability to determine the cosmological parameters is limited by our ability to break this degeneracy, either by additional measurements or an external prior onT [15] . As external priors can compensate for the effects of additional measurements (in our case a galaxy redshift survey, described below), the strength of ourT prior will determine the number of additional measurements useful given our prior knowledge, i.e. the amount of data through cross correlations that can give us a sufficient level of furtherT information.
The brightness temperature,T , is defined in terms of the intensity at frequency ν as I ν = 2k BT (ν/c) 2 = 2k BT /λ 2 . The mean cosmological brightness temperature for 21-cm is [52] 
with A 10 = 2.876 × 10 −15 s −1 the Einstein A coefficient for spontaneous emission, ν 21 1.42041 GHz the frequency of the emission [53] , E(z) = H(z)/H 0 and the other symbols having their usual meanings. Note that in the first line h P refers to Planck's constant while in the second line h refers to the Hubble constant in units of 100 km s −1 Mpc −1 . We follow standard convention 2 and write the neutral hydrogen density as a fraction of critical at redshift z as Ω HI (z) = ρ HI (z)/ρ c (z). Unfortunately the value of Ω HI h is quite uncertain (see e.g. Refs. [54, 55] for recent compilations of data) and it will enter quadratically in the noise power spectrum. Existing constraints are obtained by integrating the HI column density distribution function inferred from QSO spectra. Ref. [56] measures 10
3 Ω HI 0.27 ± 0.10 at z ≈ 1, whereas using QSOs in SDSS/BOSS [57, 58] obtained a 5% measurement at z 2.3, 10 3 Ω HI = 0.086 ± 0.004. Measurements at z 2 are currently modeling limited, but at higher redshift the uncertainties in the determination of the HI cosmic abundance are dominated by the small number of QSOs spectra publicly available and future surveys will hopefully be able to tighten the constraints. We take [54] Ω HI (z) = 4 × 10
as our fiducial model, and assume a conservative 10% prior on Ω HI , independently of redshift.
To set the HI bias and 'effective' number density of sources we in principle need to know the full distribution of HI within halos. However, given the low angular resolution of IM surveys each pixel will contain thousands of objects, allowing us to consider only the mean M HI (M h ). Physical intuition and numerical simulations suggest that below a certain halo mass, M min , neutral hydrogen will not be self-shielded from UV photons, and that accretion and merging of dark matter halos will likely reduce their HI content over cosmic time. Therefore a well-motivated model of the HI distribution in halos is [51] M
where we have explicitly written the redshift dependence of the model parameters. The normalization constant can be fixed at each redshift by matching Ω HI (z), but in order to fit for the M min and the slope of the M HI (M h ) relation, α, we need some information about the clustering of the HI. Lacking such measurements at any redshift, we will use the clustering of Damped Lyman-α systems, which contain more than 90% of the neutral hydrogen in the Universe, as a proxy for the HI distribution.
In particular BOSS has measured b DLA = 2.0 ± 0.1 at z = 2.3 [59] For the model in Eq. (2.5) the BOSS measurement implies M min = 5 × 10 9 h −1 M if α = 1 [51] . These numbers agree with an analysis of the most recent hydrodynamical simulations (see Table 6 of Ref. [49] ). As the clustering of DLAs is measured only at one redshift with sufficient accuracy, extrapolating the model in Eq. (2.5) requires some assumptions. If the intensity of the UV background is slowly evolving with redshift we can assume M min (z) const. and α(z) const., and simulations confirm this picture to within 20% [49] . Future data from high redshift QSOs in DESI [18] or direct measurement of the 21-cm signal will be required to more accurately model M HI (M h ). Table 1 shows the fiducial value of the bias and effective shot-noise, n eff = P −1 SN , used throughout this paper.
High redshift galaxies and quasars
As we shall see in later sections, cosmological inferences from 21-cm augmented by classical, high-z, galaxy redshift surveys. We focus here on redshift surveys because the cross-correlation between 21-cm surveys (that lose low k modes) and photometric surveys (that contain only low k modes) is highly suppressed. Translating a redshift uncertainty of δz into a comoving distance uncertainty of δχ
requires δz/(1 + z) < 0.011 − 0.015 at z = 2 − 5. Such photo-z precision is in principle achievable, given enough filters, but primarily at lower redshift and for brighter galaxies [60, 61] . A more reliable approach would be spectroscopic redshifts, if they are available.
Although many spectroscopic tracers of large-scale structure exist (e.g. the Lyα forest, metal line systems, Lyα emitters, etc.), in this paper we will devote our attention specifically to high redshift quasars (QSOs) or active galactic nuclei and dropout galaxies. Upcoming galaxy surveys such as DESI [18] are expected to provide large samples of QSOs out to redshift z ≈ 3 over wide sky areas, beyond which their population drops precipitously [19] . Alternatively, at high z one can efficiently select samples of galaxies using dropout techniques, e.g. u-band dropouts for z ∼ 3, g-band dropouts for z ∼ 4 and r-band dropouts for z ∼ 5 [20, 62] . Magnitude limited dropout samples naturally produce bands in redshift of about ∆z ∼ 0.5 with clustering properties that are similar to normal galaxies at z = 0 [20, 21, [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] . Spectroscopic follow-up of such samples is challenging, but possible for the brighter objects with existing or planned facilities (see later).
As we deal with large scales we shall approximate the power spectra of these QSO and galaxy populations by [13, 14] 6) where the second term accounts for shot noise, assumed Poisson. For the QSOs the line-of-sight smearing, σ, will be a combination of redshift errors and fingers of god. For galaxies the latter dominates. We now separately discuss the clustering parameters for QSOs and LBGs. QSOs are highly biased tracers with b > 3 at all redshifts of interest; in this paper we will adopt the QSO bias parametrization from eBOSS clustering data, b QSO (z) = 0.278((1 + z) 2 − 6.565) + 2.393 [79] . In addition, the spectra of quasars are very smooth and dominated by a few broad emission features (Lyman-α, C IV, etc.) that are themselves velocity shifted with respect to the actual redshift of host galaxy. As a result, quasar redshifts are surprisingly poorly understood with typical implied velocity (redshift) errors up to several 100 km s −1 . In our model these errors are indistinguishable from the finger-of-god effect and we include them as an additional contribution to σ of 300 + 400(z − 1.5) km s −1 [80] . Since the LBG surveys we discuss in this work are hypothetical, we will model their number density and bias via abundance matching. Following Refs. [77, 81, 82] we assume that the the LBG's have close-to-flat continua in the rest frame in the wavelengths of interest and set the K-correction to 2.5 log 10 (1 + z). Taking the UV-luminosity functions from Refs. [68] , [75] and [77] for z 2, 3 and 4, we assume galaxies above a given apparent magnitude M U V populate the centers of halos with a soft mass cut from below given by an error function centered at some M min (M U V ) (see Section 6.2 of Ref. [75] for relevant formulae). For consistency we employ the mass and bias functions of Ref. [83] throughout. We have made this particular choice to consistently model the broad redshift range our forecasts cover; however we note that, since the gravitational collapse of the most massive halos tends to be spherical, we expect this choice to somewhat under-predict our biases at the high mass end [84, 85] . Both Refs. [75] and [78] find satellite fractions of less than about 5% for all threshold absolute magnitudes of interest; this trend is reproduced in both semianalytic models [74] and HOD fits to clustering on large scales [76, 86] , and we thus leave out contributions from satellite galaxies entirely. At each redshift, mass cutoffs are then found by interpolating between the mass cutoffs found as described above at the characteristic redshifts of the above surveys. The number density is then calculated by direct integration up to that mass, linear bias similarly computed as the galaxynumber-weighted halo bias. Number densities and biases as a function of magnitude and redshift are shown in Figure 3 and listed in Table 1 .
Finally, we note that our procedure leads to very large bias values, particularly for the brighter, higher redshift galaxies. This is consistent with observations [65, 66, 69, 71, 72, 74, 78] . For such highly biased objects one expects the scale-dependence of the bias to also be significant, and this would need to be addressed in any modeling (e.g. [87, 88] ). Similarly, in modelling both the matter power spectrum and redshift space distortions in linear theory we have necessarily neglected higher-order nonlinear corrections; previous work has suggested that perturbative models can accurately predict the clustering of biased tracers to a significant fraction of the nonlinear scale k nl = Σ −1 at high z [87, [89] [90] [91] , where Σ is mean square one-dimensional displacement in the Zeldovich approximation given by
For the purposes of forecasts we shall assume that our maximum wavenumber k max is understood to be an effective quantity -in practice, the higher-order corrections will matter, but the values of those bias parameters will be determined using power-spectrum measurements beyond k max to the accuracy at which they will not affect the precision in measuring quantities of interest. Since development of such analysis goes beyond the purpose of this paper, we leave k max as effectively a free parameter whose value measures our optimism (or pessimism) regarding theoretical model control in future analyses.
CMB lensing
Cosmic microwave background photons are lensed as they traverse the large-scale structure on their journey from the surface of last scattering [29, 30] . This lensing effect provides additional sensitivity to low z structure directly from the CMB itself, and is one of the major science drivers for future CMB surveys. We shall work in terms of the lensing convergence, κ, and make the Born approximation. In this limit, κ is a projection of the 3D matter density field, weighted by a kernel, W κ (χ). Given two projected fields X, Y on the sky the multipole expansion of their angular cross-power spectrum, in the Limber approximation, is
where we have included the lowest order correction to the Limber approximation, → + 1/2, to increase the accuracy to O( −2 ) [92, 93] . For the case of interest
with χ the (comoving) distance to last scattering, and W g ∝ dN/dz for galaxies. For ease of presentation we have neglected a possible contribution from lensing magnification. To linear order, lensing magnification enters into Equation 2.8 as a redshift-dependent bias for galaxies linear in the slope of the cumulative galaxy distribution function n(< m th )) as a function of apparent magnitude. This slope will be well determined for galaxy surveys observing large numbers of objects such as those discussed in this paper; for the sake of simplicity, we have therefore ignored lensing magnification, expecting its effects will enter into any future data analysis parametrized by an essentially-fixed parameter.
To test for possible deviations from general relativity, we also include a factor of
for each power of the lensing convergence κ. Here γ is the gravitational slip parameter, equal to unity in GR [22] [23] [24] [25] . Following [94] , we parametrize the Newtonian slip as a piecewise function that takes the value γ i in the corresponding redshift bin, treating each γ i as an independent parameter. In a similar spirit many authors have studied the E g statistic [95] , a ratio of lensing-galaxy cross correlations and galaxy-velocity cross correlations whose value in our model would be (1 + γ)Ω m,0 /2f (z). An advantage of our approach is that it can be more directly applied in forward modelling, and the inclusion of complexities such as scale-dependent bias and the dependence on other cosmological parameters (e.g. Ω m ) can in principle be straightforwardly applied. Our approach also avoids the potential pitfalls of modeling the noise in a data ratio.
Surveys
Stage ii 21cm experiment
The Stage ii 21-cm experiment suggested by Ref. [7] consists of a compact, square array of 256 × 256, fully illuminated 6 m dishes observing half the sky with frequencies corresponding to 2 < z < 6. We shall take this as our fiducial survey, though we will also comment upon variations in the dish and array size below.
In an interferometer the fundamental datum is the correlation between two feeds (or antennae) i and j, known as a visibility [96] . On the scales of interest to us, and for an intensity measurement, the visibility measures the Fourier transform of the sky emission times the primary beam at a wavenumber set by the spacing u ij of the two feeds in units of the observing wavelength. In particular, such feeds correspond to a comoving wavenumber with component perpendicular to the line-of-sight k ⊥ = 2π u ij /χ(z). Thermal fluctuations in the instrument and sky will the introduce additional power into these visibility data, such that the full observed 21-cm signal is given by
The visibility noise is inversely proportional to the number (density) of such baselines,
It is explicitly given by [15, [97] [98] [99] [100] [101] [102] [103] [104] ]
with ν 0 = 1420 MHz. In a spatially flat model
We take t obs = 5 yrs and [7] T sys = 50 K , T sky = 2.7 K + 25 K ν obs 400 MHz with the analytic form
where r is the physical separation between a pair of baselines, N s = 256 is the number of dishes per side of the array, D = 6 m is the grid separation, n 0 = (N s /D) 2 , and c 1 = 0.4847, c 2 = −0.33, c 3 = 1.3157, c 4 = 1.5974 and c 5 = 6.8390 are dimensionless fit parameters, and the redshift dependence is chosen to isolate the redshift-independent distribution of physical distances r (Fig. 1) , such that the distribution n( r) gives the baseline distribution in physical units. We have checked that this formula is accurate at the percent level for different-sized arrays (down to N s = 8). As shown in Figure 1 , at N s = 256 the thermal noise levels for the proposed Stage ii experiment are smaller than our modelled shot-noise from HI-hosting halos at essentially all scales of interest up to the maximum redshift z = 5 that we consider. That the total noise is dominated by shot noise is in contrast with previous surveys, which were thermal-noise dominated [2, 3, 5, 15, 105] . Figure 2 shows the fraction r i,SN of total power taken up by the signal, i.e. 6) for both the expected 21-cm signal and galaxy power spectra (described below) at z = 2 − 4. Here P i is the total power of the i th species (i = 21, g) and P i,N is the power from noise alone, where we assume for galaxies P g,N is given by the shot noise. While the cosmological signal from galaxies drops sharply at high redshifts and small scales, the 21-cm signal from the Stage ii experiment would be signal-dominated at all redshifts of interest up to the nonlinear scale where modelling breaks down, suggesting potential for significant gains over galaxies alone if theT degeneracy can be broken by pusing to high wavenumbers. The theory power as a fraction of total power, including noise, for both 21-cm measurements from the proposed Stage ii experiment (Section 3.1) and hypothetical high-redshift galaxy surveys at limiting magnitudes of m th U V = 24, 24.5 and 25, plotted against three-dimensional wavenumber k at redshifts z = 2, 3, 4 and 5 for three values of µ = k /k. The region to the right of the nonlinear scale k nl , beyond which we expect modeling to break down, is shaded in gray. The 21-cm signal, described in Eq. 2.1, is expected to be signal-dominated at all scales of interest. In comparison, the galaxy power spectrum will be noise dominated at most modes we model except at the lowest redshifts.
Despite the above, the major difficulty facing upcoming 21-cm experiments is astrophysical foregrounds, primarily free-free and synchrotron emission from the Galaxy and unresolved point sources [105] [106] [107] [108] [109] . The precise range of scales accessible to 21-cm experiments after foreground removal is currently a source of debate. We do not attempt to model foreground subtraction explicitly, but take into account its effects by restricting the range of the k − k ⊥ plane we use. There are two regions of this plane we could lose to foreground removal. The first is low k modes, i.e. modes close to transverse to the line-of-sight, which are swamped by the (large amplitude but spectrally smooth) foregrounds. We follow [107, 110] and assume all modes with k < 0.02 hMpc −1 are unusable. We have checked that our forecasts are relatively insensitive to this cut-higher k cuts, such as the 0.1 hMpc −1 limit suggested in [108] , do not substantively affect our results. In addition to low k , non-idealities in the instrument lead to leakage of foreground information into higher k modes. This is usually phrased in terms of a foreground "wedge" which renders modes with k /k ⊥ < sin θ F OV R unusable, with [105, [107] [108] [109] [111] [112] [113] [114] 
The last equality assumes a spatially flat Universe. This corresponds to a cut µ < X/ √ 1 + X 2 with X = sin θ F OV R, which is listed in Table 1 as a function of z. Information in this wedge is not irretrievably lost, but it becomes more and more difficult to extract the deeper into the wedge one pushes. Our fiducial choice will be the 'primary beam' wedge defined with θ F OV ≈ 1.22λ/2D, where the factor of two gives an approximate conversion between the first null of the Airy disk and its FWHM. We shall contrast this "optimistic" assumption with the "pessimistic" case θ F OV ≈ 3 × 1.22λ/2D. The wedge could potentially be even larger, possibly up to k /k ⊥ < R, sometimes known as the "horizon wedge". We do not consider this possibility, as it renders the 21-cm experiment ineffective as a large-scale structure probe.
DESI
As part of its Lyα forest survey, DESI in the near term will provide a large sample of QSOs at intermediate to high redshifts (z = 2 − 4) with which to probe redshift space distortions. For our forecasts we assume the DESI QSOs follow a top hat distribution in each redshift bin with the amplitude of dN/dz interpolated from Table 2 .7 of Ref. [18] over a sky area of 14,000 square degrees. Specifically, DESI will yield a comoving density of ∼ 2 × 10 −5 h 3 Mpc −3 at z = 2, but fall dramatically to ∼ 8 × 10 −7 h 3 Mpc −3 by z = 4. These QSOs are highly biased tracers, with bias values rising from about 3.1 to 7.5 over the same redshift range.
In the lower redshift universe, DESI will observe a large sample of Emission Line Galaxies (ELGs) between z = 0.65 − 1.65, with projected densities of between one and two thousand per redshift per square degree below z = 1.25. While these galaxies do not lie at the right redshifts for the Stage ii experiment, they fall into the redshift ranges of more near-term 21-cm experiments such as CHIME and HIRAX [2, 3] . In practice, galaxy densities are sufficiently high at lower redshifts that adding 21-cm data does not offer significant improvement (forecasts combining these surveys are discussed briefly in Appendix B).
Dropout surveys
An exciting opportunity for selecting high-z galaxies is through dropout techniques, followed by optical and near-IR spectroscopy to obtain redshifts. We choose not to model the dropout surveys in any detail, but rather ask what sky area and number density would be required to achieve the desired science. This then sets the 'expense' of the required survey, using existing or planned spectroscopic facilities (e.g. DESI [18] , 4MOST [115] , Subaru PFS [116] , Keck-FOBOS 3 , or a future ESO spectroscopic telescope [117] ).
In what follows, we assume a tophat dN/dz for the dropout sample with FWHM ∆z = 0.5, centered on the fiducial redshift of the sample. This is only an approximation to a dropout selection (see e.g. Fig. 2 of Ref. [76] or Fig. 6 of Ref. [77] ), but it is sufficient for our purposes. In addition, a major problem for dropout samples is the presence of interlopers [62] . We shall assume that a fraction, f int , of the imaging sample are interlopers, i.e. they are not LBGs in the desired redshift range. The observed power spectrum will thus actually be
where P th g and P th int are the theoretical predictions for the dropout galaxy and interloper power spectra, respectively. Note that the shot noise, given by the inverse of the total observed number density, is unchanged from the interloper free case. The interloper fraction f int is in principle a free parameter in our modelling and would need to be accounted for in our analysis; indeed, in the event that the interlopers have zero power it is perfectly degenerate with the amplitude of (b g + f µ
2 ) and will hinder our ability to break the b HI −T degeneracy via cross correlation. For our forecasts, we take a fixed, fiducial value of f int = 0.5 and assume future independent analyses will provide a strong enough prior on f int that we can treat it as a fixed parameter. [68] , [75] and [77] , with corresponding mass cuts, implemented as a soft error function turn-off, calculated at the characteristic redshifts of each survey redshift bin. We employ the mass and bias functions of [83] throughout.
CMB surveys
The study of CMB lensing is entering an area of rapid experimental advance, with the Simons Observatory (SO) [33] and CMB-S4 [34] promising to map large fractions of the sky with much higher S/N than currently achievable. We shall follow standard practice and assume that the lensing noise is dominated by fluctuations in the primary CMB and detector noise; the full expression is given in e.g. Ref. [30] . In this paper we will focus on synergies with CMB-S4, assuming a 1.4 beam and 1 µK-arcmin map noise. Following [94] , we divide the EB noise by a factor of 2.5 to approximate expected improvements from iterative lens reconstruction [34] . We find our forecasts are relatively insensitive to the assumed angular resolution, but are a stronger function of the map noise level.
LSST
Other authors (e.g. Refs [87, 94, [118] [119] [120] [121] [122] [123] have noted significant gains achievable by combining CMB lensing data with upcoming photometric surveys such as LSST. Since the lensing deflection integrates the cumulative effect of gravitational potentials up to the surface of last scattering, cross-correlating with such a galaxy sample allows us to 'pick out" data at specific redshift intervals. To this end we adopt the "optimistic" LSST number densities from taken from [60] , assuming a magnitude of i < 27 with signal-to-noise cutoff at SN R = 5 after three years of observation. Due to the higher redshift uncertainties associated with photometric surveys we analyze only the two dimensional angular power spectra, C , of these galaxies. To maintain consistency with [94, 123] , we have calculated these using the above dN/dz as well as the redshift-dependent linear bias parameter b(z) = 1+z [27] . This scaling of the bias is roughly consistent with measurements of faint, high-z galaxy clustering but could be improved in future forecasts. Unless otherwise mentioned, all CMB analyses in this paper will include LSST data by default where available.
Forecasting methodology
We investigate the constraining power of future surveys through a Fisher matrix formalism [124, 125] . We work at the level of the fields and combine our measurements into a covariance matrix
which is diagonal in wavenumber. The auto-power spectra are as defined above; we take the crosspower spectrum to be the geometric mean of the two theory power spectra, and assume the shot noise is negligible. Confounding observational effects need also to be included in the spectra in C(k); for example, should interlopers exist their effect on the data would have to be integrated into our forecasts by swapping P g above for P g,obs as defined in Equation 3.8. We do not, however, include the Alcock-Paczynski effect [126] . We can then construct a Fisher matrix for the parameters
where i, j, run over the parameters and V obs is overlapping comoving volume of the galaxy and interferometric surveys. The latter can be written as V obs = f sky V (z 1 , z 2 ), i.e. the product of the overlapping sky fraction and the total comoving volume inside the redshift limits z 1 , z 2 of the appropriate redshift bin of the galaxy survey. Fisher matrices constructed using only individual tracers are computed by using covariance matrices consisting of only the autocorrelation. An additional specification is the wavenumber ranges over which we integrate the Fisher matrices. The volume of the survey sets a fundamental limit on the minimum wavenumber, or maximum scale, that we can probe, which we take to be k min = 2π/(V obs ) 1/3 . As our fiducial choice we shall assume an upper limit k max = 0.4 h Mpc −1 , independent of redshift. This is larger than the value often assumed for forecasts at lower redshift, because the field is expected to be more linear at early times. We shall discuss the impact of varying k max with redshift later. Finally, as described above (see Eq. 3.2 and surrounding text) the particularities of the 21-cm signal impose additional integration limits: foreground removal sets a lower bound on k while the wedge provides a lower bound on µ for usable k-modes. In what follows we will generally assume the optimistic primary wedge, but will explore the effects of the more restrictive "pessimistic" wedge as well.
The above Fisher matrix contains information only from the overlapping area of the galaxy and interferometric surveys. Since in general the interferometric survey will span a significantly larger area than the galaxy survey the non-overlapping area must also be considered. To a good approximation, the 21-cm signal from this area will be uncorrelated with that of the overlap, so it is sufficient to add a Fisher matrix computed using only the HI-HI autocorrelation (Appendix A). Similarly, as the full covariance between galaxies and the 21-cm signal can be obtained with significance only above the wedge, to include the available information at µ < µ min we must add on the galaxy-autocorrelationderived Fisher matrices from this region in k-space. This is equivalent to doing the full k-space integral in in the case where 21-cm noise goes to infinity in the wedge.
To include constraints from CMB lensing we incorporate Fisher matrices derived from the angular covariances
In the above we have not included possible correlations with 21-cm data; as seen in Equation 2.8, the above angular covariances probe Fourier modes with k ∼ 0, where foreground subtraction would render 21-cm data useless. Indeed, a galaxy distribution with our assumed width ∆z = 0.5 would smooth out modes above k 6×10 −3 h Mpc −1 , substantially below even more generous assumptions about astrophysical foreground removal, not to mention the lensing kernel. This is equivalent to computing the corresponding three-dimensional Fisher matrix and summing over only those wave modes with k 2π/∆χ. Figure 4 : Constraints on f σ 8 using DESI and 21-cm data from the hypothetical Stage ii experiment, plotted for 10% and 5% brightness-temperatureT priors, as well as no prior. Adding 21-cm data improves constraints from DESI by a factor of two at z = 2 and by more than a factor of four at z = 4. At the highest redshifts probed, the joint constraint would however be dominated by our (conservative) 10% prior on the brightness temperature,T .
Finally, the information from the surveys can be combined with parameter constraints from independent data to further increase our constraining power. This is implemented by adding the Fisher matrices from these data to the above. In particular, in light of existing measurements on Ω HI discussed above, we use a fiducial prior of 10% on the brightness temperatureT .
Results
Synergies with DESI
We begin by considering the extent to which RSD measurements of the DESI QSO sample at z = 2−4 can be improved by cross-correlation with 21-cm data from the hypothetical Stage ii experiment. Figure 4 shows the constraints on f σ 8 that can be obtained by combining both datasets compared to those from DESI QSOs alone, assuming full survey overlap and redshift bin of ∆z = 0.5. Adding the 21-cm data, shown with the blue line, improves the RSD measurement by around a factor of 2 at z = 2, giving an f σ 8 constraint close to a percent. The level of improvement increases to higher redshift and by z = 4 is a factor of 4. In particular, the > 10% constraint at redshift z = 3 from DESI alone becomes a < 5% constraint with the addition of 21-cm data.
A qualitative shift occurs for f σ 8 constraints at the highest redshifts probed by DESI. At z = 4, the addition of a 10% prior on the brightness temperatureT leads to a factor of 2 improvement, resulting in a sub-ten percent constraint, and a 5% prior would further improve the constraint to the level of the prior; in contrast, the f σ 8 constraints at z = 2 are essentially unaffected by these priors. This indicates that such priors would dominate over the galaxy data in breaking the f σ 8 −T degeneracy. This is unsurprising: the DESI QSO population declines precipitously (by more than an order of magnitude) from z = 2 to 4. We thus need a spectroscopic galaxy sample that is denser than the DESI QSOs at high redshift to qualitatively improve our RSD constraints past what can be obtained from independentT priors and 21-cm data alone.
Synergies with a future LBG Survey
In this subsection we explore potential synergies in cross-correlating the Stage ii 21-cm experiment with a spectroscopic LBG survey at redshifts z = 3−5 where the cross-correlations with DESI becomē T prior dominated. Since such a survey is hypothetical, we thus explore the relative benefits of various survey configurations, primarily varying sky coverage and depth, in three redshift bins z = 3, 4 and 5. For our fiducial forecasts we assume no finger-of-god or undetermined interloper fractions, and a brightness temperatureT prior of 10%. We revisit each assumption later.
As a benchmark, we explore the merits of a 1000 square degree LBG survey at limiting magnitudes ranging between m th U V = 24 and 25.5. The forecasted f σ 8 constraints one could obtain from such surveys, with and without additional Stage ii 21-cm data, are plotted in Fig. 5 . For a wide range of sky areas the constraints scale as f −1/2 sky . At slightly more than 100 galaxies per square degree we push into sub 5% constraints on f σ 8 at redshifts 3, 4 and 5. At z = 3, constraints from cross-correlating an LBG survey with m th U V = 24 with Stage ii over 1000 square degrees slightly outperforms those from cross-correlating DESI QSOs over 14,000 square degrees, and is about about 50% better than constraints using the LBGs alone. The gains are more noticeable at z = 4, where including 21-cm cross correlations would bring an LBG-only constraint at 10% to below 5%. At the highest redshift we consider, z = 5, one must push fainter than m th U V = 25 to obtain sub-5% constraints on f σ 8 . It is unclear how feasible such a survey would be. However, even at m th U V = 24.5 such a survey will be able to deliver sub-10% constraints, more than a factor of two improvement over what can be obtained from LBGs alone, though in this regime our forecast gets close to being prior-dominated. At the highest galaxy counts shown in Fig. 5 , the LBG-only RSD measurement itself becomes substantially better than constraints obtainable from DESI QSOs + Stage ii data, reflecting the fact that breaking the f σ 8 −T constraint beyond a certain degree of accuracy necessarily involves increasingly good measurements of the amplitude of the galaxy data. If it were possible to construct such a deep LBG survey over a wide area it would be highly competitive with Stage ii.
We have also investigated the constraints on f σ 8 as we vary depth and area under the assumption that the LBG survey has a fixed integration time. For simplicity we take observing time t obs ∝ f sky t p , where t p is the time per pointing, assuming that all galaxies within some flux limit and a given field of view are observed in each pointing. The limiting flux is assumed to be determined by the signal-to-noise that can be achieved per pointing, which is itself assumed to decrease ∝ √ t p . The observable sky fraction thus scales with the limiting apparent magnitude as 10 −0.8m th U V . The resulting constraints are shown in Fig. 6 . We have fixed the observing time at what it would take to observe down to m U V = 24.5 over 1000 square degrees. In contrast to the fixed-f sky analysis, the gains from conducting deeper surveys flatten out at high apparent magnitudes. At z = 3 there is little gain from conducting a narrower but deeper survey at 25 th magnitude as opposed to a wider but shallower survey half a magnitude brighter. On the other hand, for most practical magnitude ranges it is preferable to perform deeper surveys given fixed observing time, reflecting the near exponential increase in LBG density at luminosities close to L (z). Most notably, adding cross-correlations with the Stage ii experiment improves the forecasted RSD measurement by about 50% in all redshift bins, even for the most optimal LBG survey configurations. This 50% improvement is inline with naive expectations that our ability to break the f σ 8 −T degeneracy is set by the same factors that determine how well we can measure f σ 8 from the LBGs.
Potential Complications
In this section we consider two possible obstructions to measuring RSD by cross-correlating 21-cm data from the Stage ii experiment with a spectroscopic galaxy sample. The first complication -the extent of foreground leakage into the "wedge" -comes purely from limitations of the 21-cm measurement and how well systematics from the instrument can be controlled and modeled. The second complication At high number densities, the degree to which theT degeneracy is broken is limited by the extent to which RSD can be measured using galaxies alone, leading to a close-to-constant improvement (≈50%) when 21-cm data are added at all redshifts. To a very good approximation errors scale as f −1/2 sky .
arises from nonlinear RSD phenomena, particularly fingers of god in the RSD data. In addition, we will discuss potential benefits of increasing the k-range in the fit up to the nonlinear scale.
Degradation of Constraints from Foreground Leakage
The extent to which foreground modes leak into the "wedge" (defined in 3.1) will restrict the number of modes in the 21-cm data (roughly ∝ 1 − µ min ) available to constrain RSD information. In the following we will consider the effects of the foreground wedge on our f σ 8 constraints in three illustrative scenarios: the case of no foreground leakage and the "optimistic" and "pessimistic" wedges defined in §3.1. To avoid confounding factors, we have chosen in this section to not include our fiducial 10% prior on the brightness temperatureT in the forecasts, which tends to put a 10% floor on our forecasts, but will comment on its effects as is appropriate. Figure 7 shows the constraints obtainable in each of the wedge scenarios as a fraction of the f σ 8 constraint obtainable from a galaxy sample alone for both DESI QSOs and our hypothetical 1000 square degree LBG survey. As expected, the effect of these scenarios grows with redshift as the wedge takes up increasingly large fractions of k-space. Intriguingly, at z = 2 there is next to no difference between the primary wedge and no wedge at all. More significantly, in both cases the relative degradation in the f σ 8 constraint is strongly number-density dependent -at z = 4 it is close to a factor of two for the comparatively sparse DESI QSOs and at most ten to twenty percent for the LBG survey at the highest limiting magnitudes. We thus expect denser galaxy samples to be more robust against complications from foreground subtraction. A caveat, however: as the largest wedge effects coincide with where constraints are weakest, they will in practice also be the most affected by existingT priors. In this regime the f σ 8 −T degeneracy is primarily broken by theT prior. This has the effect of putting a lower limit on the f σ 8 constraint at the level of the prior (10% in our case) regardless of wedge scenario.
Nonlinear Modeling and Fingers of God
We have steered clear of nonlinear effects in our forecasts so far, both due to their uncertain nature and for simplicity of presentation. However, as the bulk of accessible k-modes will be at the smallest scales probed, where nonlinearities will simultaneously be most pronounced, to obtain the strongest possible constraints it is important to consider the extent to which modeling of small scales can be trusted. In this section, we will investigate both FoG effects and the potential to obtain stronger constraints by pushing to wavenumbers beyond k = 0.4hMpc −1 in spite of these effects. Ratio of constraints from galaxy×21-cm data vs. galaxies alone for three different wedge scenarios: no wedge, optimistic and pessimistic (see text; § 3.1). The left panel shows the effect of these scenarios when the galaxy sample is the expected DESI QSOs between z = 2−4. While the optimistic wedge scenario is not significantly different from no wedge at all, the pessimistic wedge significantly hampers constraint improvements from adding 21-cm data, particularly at higher redshifts. The right panel shows the effect of these scenarios on hypothetical LBG surveys at z = 3, 4, 5. The pessimistic wedge is similarly noticeably worse than both no wedge or the the primary wedge, which offer qualitatively similar improvements. This difference decreases at the highest number densities, however.
are used in the case where the LBG FOG parameter σ v = 0 and when it is allowed to vary about values of 200 km s −1 and 400 km s −1 . The latter two scenarios, which do not differ significantly, are qualitatively different from the scenario where FOG are set to zero. At lower number densities, the similar angular behavior of the FOG and Kaiser factor provides a quasi-degeneracy that worsens 21-cm performance, while at higher number densities FOG damp signal power for the LBGs, yielding greater improvements when 21-cm data are available. Importantly, due to their relative magnitude the effects discussed above do not qualitatively alter our conclusions from linear-theory forecasting. Figure 9 shows the degree of improvement as we increase k max beyond our fiducial value (0.4 h Mpc −1 ) for a fiducial LBG survey at m th U V = 24.5 over 1000 square degrees. We assess the improvement obtained by increasing k max all the way to k nl = Σ −1 (see Equation 2.7 and the surrounding discussion). Pushing to smaller scales consistently improves constraints when 21-cm data are included up to the nonlinear scale at all redshifts, while constraints from LBGs only peter out at the higher redshifts. This is expected -at high redshifts the LBG data become shot noise dominated well before the nonlinear scale while the Stage ii data do not (e.g. Figure 2 ) -and represents a significant advantage for using 21-cm data as a large scale structure probe in the high-redshift universe. The effect is especially stark at z = 5, where LBGs are sparse and the nonlinear scale is at k max = 0.8h Mpc −1 ; going from LBGs only to LBGs×21-cm data improves constraints by 50% at k max = 0.2h Mpc −1 but up to a factor of two at the nonlinear scale. Furthermore, while going to higher k max decreases the gap between constraints that marginalize over FOG when only LBG data are used, the qualitative change is much less pronounced when 21-cm data are included, such that marginalizing over FOG induces constraints that are worse by more-or-less a constant factor across the explored range of k max .
Synergies with the CMB
In the previous sections, we explored the extent to which cross-correlations between two biased tracers -data from the Stage ii 21-cm experiment and a spectroscopic galaxy survey -could be leveraged to better measure the growth rate f σ 8 of cosmic structure. CMB lensing offers a complementary probe of the same structure with different physics -information is primarily obtained from perpendicular as opposed to radial modes, and photon deflections are governed by the Weyl potential in contrast to clustering dynamics, which depend on the Newtonian potential alone (Eq. 2.10).
The complementary physics of redshift-space distortions and lensing provides the opportunity to break degeneracies inherent to the analysis of either on their own. In particular, the magnitude of RSD and lensing scale with the growth rate f and slip parameter γ, respectively, but both also scale equally with the amplitude of spatial fluctuations, σ 8 , which would thus be degenerate with both f and γ if analyzed independently. At high redshifts, f ≈ Ω 0.55 m (z) approaches unity and, assuming ΛCDM and current measurements (e.g. [45] ) is known to better than a percent. In this section, we consider measuring γ while holding f fixed, assuming the growth of structure is governed by the Newtonian potential as in general relativity but allowing the Weyl potential to deviate.
We isolate γ by adopting a new set of parameters σ 8 , γ, b g , b HI ,T , b LSST for our Fisher forecasts. Figure 10 shows constraints on γ and σ using a combination of LSST-CMB lensing cross correlations, Stage ii 21-cm and spectroscopic survey data from DESI and a representative m th U V = 24.5, 1000 square degree LBG survey. Including 21-cm data improves constraints on γ by more than 70% at all redshifts for both galaxy samples, and yields sub-5% constraints at all redshifts below z = 5, where the constraint is at about 7%. The fractional errors on both parameters are essentially identical and trace the f σ 8 constraint from fitting only Stage ii and galaxy cross correlations in RSD. This can be understood roughly as follows: γσ 8 roughly probes the amplitude of the lensing data, which can be constrained to sub-percent levels using CMB lensing and LSST alone 4 . The parameters can thus individually constrained up to the level of the σ 8 constraint from RSD alone, which should be essentially equal to the f σ 8 constraint. Indeed, direct examination of the resulting Fisher matrices confirms that γ and σ 8 are essentially degenerate.
Finally we note that it is also possible to constrain f and σ 8 separately using a method identical to the one described above, but instead setting γ = 1 and allowing varying f as an independent parameter. Such an analysis would, however, reveal a σ 8 constraint dominated by that from the LSST-CMB lensing cross correlations Fisher, which is significantly stronger than what can be obtained on f σ 8 by studying RSD in the Stage ii and galaxy data. The resulting constraint on f would thus essentially reduce to the level of the f σ 8 constraint from RSD alone.
Conclusions
Interferometric surveys of neutral hydrogen can in principle map enormous volumes of the Universe in the redshift range 2 < z < 6 with exquisite radial resolution and sufficient angular resolution to measure large-scale structures. If foregrounds can be controlled and systematics well enough understood, such instruments would enable highly precise determinations of cosmological parameters and strong constraints on cosmological models. Unfortunately the neutral hydrogen signal is modulated by a mean sky brightness,T , which is only weakly constrained. This introduces a degeneracy between T and cosmological parameters such as the growth rate, f σ 8 , which needs to be broken by external data.
In this paper we have investigated the extent to which a spectroscopic survey of QSOs or LBGs, overlapping in redshift and sky area with a futuristic (Stage ii) 21-cm survey, can break theT degeneracy and enable precise measurements of f σ 8 beyond what is possible from conventional spectroscopic surveys alone. With N s = 256 six-meter dishes on each side, the Stage ii instrument will be signal dominated up to the nonlinear scale at z = 2 − 5. In contrast, conventional spectroscopic surveys are unencumbered byT -related degeneracies but become shot-noise dominated well before k = k nl , particularly at the highest redshifts we consider (z = 5). The complementary strengths of conventional : Forecasted constraints on the gravitational slip parameter, γ, and the power spectrum normalization, σ 8 , using a combination of RSD and CMB-lensing×LSST cross-correlations assuming f (z) is fixed. RSD data assume DESI QSOs, a LBG survey at m th U V = 24.5 over 1000 square degrees, or either cross correlated with Stage ii data. Adding 21-cm data to the RSD side significantly improves constraints on γ, yielding sub-4 percent constraints at z = 2, 3 and 4 from DESI QSOs and our hypothetical LBG survey at z = 3 and 4, respectively. At z = 5 adding 21-cm data improves constraints by more than a factor of two, to below ten percent. spectroscopic surveys and 21-cm experiments opens up the possibility for synergies in analyzing their cross-correlations.
For DESI survey, the improvements are a factor of 2-5 at redshift z = 2 − 4, with larger gains towards higher redshifts. A realistic prior of 5% onT helps, particularly at high redshift where it brings the improvement over DESI to an order of magnitude. Importantly, in this case one can measure f σ 8 over this redshift range with a sensitivity of better than 5%. For the LBG case, we find more modest improvements, depending strongly the number-density of LBG sources. We find the biggest gain at high redshifts and for relatively shallow LBG surveys, where the improvements can be a factor of 5 at z > 4 with m th U V < 24. A combination of m th U V < 25 LBG with a Stage ii 21-cm experiment would result in better than 5% measurement in f σ 8 across the full redshift range to z = 5 without any external priors, but in this case the 21-cm data contribute significantly only in the highest redshfit bin. In an appendix, we have also investigated the extent to which this synergy can be exploited at lower redshifts using more near-term 21-cm experiments such as HIRAX or CHIME and a DESI-like spectroscopic survey in the Southern hemisphere, finding that the abundance of readily observable spectroscopic samples (i.e. ELGs) in in these epochs makes gains from additional 21-cm data more modest, a finding that will likely be exacerbated by surveys conducted through the Subaru Prime Focus Spectrograph, EUCLID or WFIRST.
In addition toT -related degeneracies, the analysis of 21-cm data presents a number of technical challenges, particularly with regard to the issue of foreground subtraction. We have explicitly checked the sensitivities of our forecasts to two foreground effects: the exclusion of modes at low wavenumber and within the so-called wedge. The removal of the former modes, which consist of an exceedingly small fraction of the total modes modelled, have a negligible impact. The exclusion of wedge modes, on the other hand, can have a greater impact; while forecasts taking into account the optimistic primary wedge are only marginally worse than those obtained when no wedge is taken into account, forecasts assuming a more pessimistic wedge (with 3× the θ F OV of the primary wedge) decreases gains by as much as a factor of two at the lowest galaxy densities considered. However, even with the pessimistic wedge adding 21-cm data still improves the forecasted f σ 8 by a factor of two, and the pessimistic wedge produces a much smaller correction when the galaxy sample is dense. In addition to these technical challenges, we have explored the extent to which the ability to model the RSD signal up to the nonlinear scale can improve our forecasts, finding that while improvements in constraints from galaxies only stall at high k max due to shot noise, those with 21-cm data added continue to improve out to the nonlinear scale, even when nonlinear effects such as fingers-of-god in the galaxy power spectra are taken into account.
Finally, we also investigated how such spectroscopic surveys could serve as an intermediary between future CMB lensing measurements (which probe k 0 modes) and 21-cm measurements (which probe only k > 0 modes). A joint analysis all three types of surveys, observing the same sky area and redshift range, will combine the physics redshift-space clustering and lensing and enable the testing of general relativity at large scales and high redshifts, utilizing information from all sectors of k-space. As an illustrative example, we show that combining data from Stage ii, a spectroscopic survey, CMB S4 lensing and LSST will let us constrain the relative amplitude of the Weyl and Newtonian potentials close to the 1% level at z = 2 and 3 using DESI QSOs and a 24.5 th magnitude LBG survey over 1000 square degrees as the spectroscopic tracers, respectively. The latter scenario would further constrain the gravitational slip at the 3% level at z = 4 and at the 7% level at z = 5, sharply testing the prediction of General Relativity that masses induce spatial curvature equal to the Newtonian potential. 
A Cross-Correlation Between Non-Overlapping Regions
Extracting the total information that can be inferred about cosmological parameters from different surveys typically involves dealing with multiple overlapping and non-overlapping regions on the sky. In this appendix, we will show that correlations between Fourier modes -even those that sample the same underlying field when the entire sky is considered -in non-overlapping regions on the sky can be treated as uncorrelated as a result of the mode mixing inevitably introduced by masking parts of the sky.
Let an overdensity δ(x) be masked by some function W (x) which is close to unity in the observed region and falls rapidly to zero beyond; in other words, the observed density field is δ obs (x) = W (x)δ(x). If the mask is shifted by a displacement x 0 , the observed density field is instead given by δ Figure 11 : Constraints on f σ 8 using a DESI-like spectrscopic survey and HIRAX data, binned at ∆z = 0.1, plotted for 10% and 5% brightness-temperatureT priors, as well as no prior. While improvements from adding 21-cm data below z = 1.6 are at the 20% level, above z = 1.6 where the observed ELG population vanishes gains from cross-correlations with HIRAX can be as great as 70%.
In Fourier space a shift leads to a phase while multiplication by a mask becomes a convolution, such thatδ
The cross-correlation between two masked modes separated by a displacement x 0 is then
where the true power spectrum is defined by δ (k)δ(k ) = (2π) 3 δ
D (k + k )P (k). For x 0 much larger than the width of the mask, the exponential will oscillate rapidly in k − k over the range in Fourier space where W (k − k ) has support. The cross-correlation will thus be negligible and can be safely neglected.
B Constraints from Cross-Correlating with HIRAX
In the nearer future, experiments such as CHIME [2] and HIRAX [3] will measure the 21-cm signal between redshifts z = 0.8 − 2.5. The proposed Stage ii experiment is in essence a scaled-up version of HIRAX, which has N s = 64 six-meter dishes on each side instead of N s = 256 as in Stage ii; comparing the possible synergies of HIRAX and DESI at these lower redshifts is thus an insightful but straightforward extension of our main forecasts 5 . Unfortunately, there will be little expected overlap between DESI and HIRAX, which respecitvely lie in the Northern and Southern hemispheres; however, surveys such as 4MOST [115] and the proposed Southern spectroscopic survey [127] will obtain similar samples of ELGs and QSOs with large overlaps with HIRAX. For simplicity, in the following we will adopt the population and clustering statistics for DESI quoted in [18] while assuming full overlap with HIRAX, with the assumption that the aforementioned spectroscopic surveys will be qualitatively similar.
Both ELGs and QSOs feature prominently in the expected DESI spectroscopic sample at the redshifts probed by HIRAX, with observed ELG dN/dz's dropping to zero above z = 1.65 while the QSO redshift distribution stays approximately constant 6 . We have therefore opted to include all three distinct populations (ELGs, QSOs and the 21-cm signal) in our covariance matrices C(k). Following Ref. [18] , we assume b i (z) = b i,0 /D(z), where b ELG,0 = 0.84 and b QSO,0 = 1.2, respectively. Also, as the nonlinear scale ∝ D(z) is larger at low redshifts, we take k max = 0.2 hMpc −1 rather than 0.4 h Mpc −1 . Figure 11 shows the expected constraints from DESI alone compared to those from DESI combined with HIRAX data, in bins of ∆z = 0.1. At z < 1.5, where ELGs outnumber QSOs by more than five to one, improvements from adding HIRAX data are at the ≈ 20% level. As ELGs give way to sparser QSOs, however, improvements from adding HIRAX data increase to more than 70%, staying roughly constant past z = 1.65 with the DESI QSO population out to z = 2.5. This confirms our intuition that 21-cm data is most helpful when the cross-correlated spectroscopic galaxies are sparse and become shot-noise dominated at lower k.
While we have chosen to investigate the specific example of cross-correlating HIRAX and a DESIlike spectroscopic survey in the Southern hemisphere, many other similar combinations are possible. Most directly, we expect qualitatively similar results from combining, in the Northern hemisphere, CHIME and DESI data. In the near future, the EUCLID satellite will similarly provide spectroscopic galaxy samples over a large sky area with which to correlate HIRAX data [26] . Finally, narrower and deeper surveys such as the Subaru Prime Focus Spectrograph (PFS) [128] and the WFIRST satellite [129] should likewise provide fertile ground for cross-correlations with 21-cm intensity mapping experiments in the redshift range probed by HIRAX, though the likely abundance of observed ELGs will likely imply that the largest gains will lie at high redshift..
